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FAMILIES OF ELLIPTIC CURVES WITH RATIONAL TORSION
POINTS OF EVEN ORDER
BORIS M. BEKKER AND YURI G. ZARHIN
1. Introduction
This paper is a follow up of [1]. Our aim is to give an explicit construction of
versal families of elliptic curves with a torsion point of a certain (small) order. The
problem of constructing such families goes back to Beppo Levi [7, 8] and is closely
related to certain modular curves of genus zero. However, our approach based on
the explicit formulas for “halves” of points on elliptic curves [1, Sect. 2] is quite
elementary.
Here are our main results.
Theorem 1.1. Let K be a field with charK 6= 2. Let E be an elliptic curve over
K.
(1) Let a be a nonzero element of K. The following conditions are equivalent.
(4i) E(K) contains exactly one point of order 2 and a point of order 4.
(4ii) There exists a nonzero element b ∈ K such that a2+4b is not a square
in K and E is K-isomorphic to the elliptic curve
E(4)a,b : y2 =
(
x2 + (a2 + 2b)x+ b2
)
x.
(2) The following conditions are equivalent.
(8i) E(K) contains exactly one point of order 2 and a point of order 8.
(8ii) There exists t ∈ K \{0,±1} such that 2t2−1 is not a square in K and
E is K-isomorphic to the elliptic curve
E(8)t : y2 =
(
x2 + 2
t4 + 2t2 − 1
(t2 − 1)2 x+ 1
)
x.
(3) The following conditions are equivalent.
(6i) E(K) contains exactly one point of order 2 and a point of order 6.
(6ii) There exists t ∈ K \ {0,−4, 1/2} such that t2 + 4t is not a square in
K and E is K-isomorphic to the elliptic curve
E(6)t : y2 = (x2 + (t2 + 2t)x+ t2)(x + 1).
(4) The following conditions are equivalent.
(12i) E(K) contains exactly one point of order 2 and a point of order 12.
(12ii) There exists t ∈ K \ {0,±1,±√−1} such that (t2+1)(3t2− 1) is not a
square in K, 3t2 + 1 6= 0, and E is K-isomorphic to the elliptic curve
E(12)t : y2 = (x+ 1)
(
x2 +
8t2(t2 + 1)(t4 + 4t2 − 1)
(t2 − 1)4 x+
16t4(t2 + 1)2
(t2 − 1)4
)
.
(5) The following conditions are equivalent.
(10i) E(K) contains exactly one point of order 2 and a point of order 10.
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(10ii) There exists t ∈ K \{0,±1, (−1±√5)/2, 2±√5} such that t(t2+ t−1)
is not a square in K and E is K-isomorphic to the elliptic curve
E(10)t : y2 = (x+ 1)
(
x2 +
8t2(t3 + t2 − t+ 1)
(t− 1)2(t+ 1)4 x+
16t4
(t− 1)2(t+ 1)4
)
.
Remarks 1.2. (1) E(4)a,b (K) contains exactly two points of order 4, namely,
(−b, ab) and (−b,−ab). On the other hand, dividing both sides of the
equation for E(4)a,b by a6 and introducing
x˜ =
x
a2
, y˜ =
y
a3
, b˜ =
b
a2
,
we obtain that E(4)a,b is K-isomorphic to
E(4)
1,b˜
: y˜2 =
(
x˜2 + (1 + 2b˜)x˜+ b˜2
)
x˜.
(2) E(8)t (K) contains exactly two points of order 4, namely,(
1,
2t
1− t2
)
,
(
1,− 2t
1− t2
)
and exactly four points of order 8, namely,(
1 + t
1− t ,
−2t
(1− t)2
)
,
(
1− t
1 + t
,
2t
(1 + t)2
)
and their negatives(
1 + t
1− t ,
2t
(1 − t)2
)
,
(
1− t
1 + t
,
−2t
(1 + t)2
)
.
(3) E(6)t (K) contains the points (0, t) and (0,−t) of order 3 and the points
(−2t, t − 2t2) and (−2t, 2t2 − t) of order 6. If char = 3, then there are no
other points of order 3 or 6 in E(6)t (K).
(4) E(12)t (K) contains the points(
0,
4t2(t2 + 1)
(t2 − 1)2
)
,
(
0,−4t
2(t2 + 1)
(t2 − 1)2
)
of order 3, and exactly two points of order 4, namely,(
−3t
2 + 1
t2 − 1 ,−
8t3(3t2 + 1)
(t2 − 1)3
)
,
(
−3t
2 + 1
t2 − 1 ,
8t3(3t2 + 1)
(t2 − 1)3
)
.
(5) E(10)t (K) contains a point
(
0, 4t2/(t− 1)(t+ 1)2) of order 5 and exactly one
point (−1, 0) of order 2.
The paper is organized as follows. First three sections deal with division by 2
in E(K) under various assumptions about the existence of K-points of order 2 on
the elliptic curve E. Our goal is to obtain explicit formulas that will be used in
the next five sections containing a construction of versal families of elliptic curves
with rational points of order 4,8, 6, 12, and 10, respectively (and with exactly one
rational point of order 2). The last section deals with versal families of (ordinary)
elliptic curves in characteristic 2 that admit a rational point of order 4 or 8.
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2. Review of [1], section 2
2.1. LetK be a field with char(K) 6= 2 and K¯ an algebraic closure ofK. Let f(x) ∈
K[x] be a monic cubic polynomial without repeated roots and {α1, α2, α3} ⊂ K¯
the set of roots of f(x). Clearly
f(x) = (x− α1)(x− α2)(x− α3) ∈ K¯[x].
Let
E = Ef : y
2 = f(x)
be an elliptic curve over K and∞ its only infinite point (the zero of the group law).
We have
E(K) = {(x0, y0) ∈ K2 | y20 = f(x0)}
∐
{∞}
⊂ {(x0, y0) ∈ K¯2 | y20 = f(x0)}
∐
{∞} = E(K¯).
The points
Wi = (αi, 0) ∈ E(K¯) (1 ≤ i ≤ 3)
are the only points of order 2 on E.
Remark 2.2. A root αi lies in K if and only if Wi = (αi, 0) ∈ E(K). This implies
that E(K) contains exactly one point of order 2 if and only if f(x) has exactly one
root in K.
The following assertion is pretty well-known [2, 3] (see also [1]).
Theorem 2.3. Suppose that all the roots αi of f(x) lie in K, i.e., all three points
of order 2 on E lie in E(K). Let P = (x0, y0) ∈ E(K). Then P ∈ 2E(K) if and
only if all x0−αi are squares in K. In addition, each point Q ∈ E(K¯) with 2Q = P
actually lies in E(K).
In what follows we discuss the divisibility by 2 of points in E(K) when not
necessarily all roots of f(x) lie in K.
2.4. Let P = (x0, y0) ∈ E(K¯). There are precisely four points Q ∈ E(K¯) such that
2Q = P . The following explicit construction of all halves Q’s was described in [1,
Sect. 2]. Let us choose square roots
(1) ri =
√
x0 − αi ∈ K¯ (1 ≤ i ≤ 3).
(There are exactly eight choices of such triples (r1, r2, r3).) We have
(2) r1r2r3 =
√
(x0 − α1)(x0 − α2)(x0 − α3) = ±y0.
Since all αi’s are distinct, ri 6= ±rj if i 6= j. This implies that for all i 6= j
(3) ri ± rj 6= 0.
Let us consider only the triples that satisfy
(4) r1r2r3 = −y0.
(There are exactly four choices of such triples (r1, r2, r3).) Let us put
(5) s1 = s1(r1, r2, r3) = r1 + r2 + r3, s2 = s2(r1, r2, r3) = r1r2 + r2r3 + r3r1.
Then the point
(6) Q = Qr1,r2,r3 = (x1, y1) := (x0 + s2,−y0 − s1s2) =
(x0 + r1r2 + r2r3 + r3r1,−(r1 + r2)(r2 + r3)(r3 + r1))
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lies in E(K¯) and satisfies
2Q = Qr1,r2,r3 = P ∈ E(K¯).
In addition,
(7) l := −s1 = −(r1 + r2 + r3)
is the slope of the tangent line LQ to E at Q [1, Proof of Th. 2.1]. More precisely,
LQ passes through the point −P = (x0,−y0) and is defined by the equation
y = l(x− x0)− y0.
Distinct choices of triples (r1, r2, r3) give rise to distinct halves Qr1,r2,r3 ’s. More
precisely [1, Th. 2.3],
(8)
Qr1,−r2,−r3 = Qr1,r2,r3+W1, Q−r1,r2,−r3 = Qr1,r2,r3+W2, Q−r1,−r2,r3 = Qr1,r2,r3+W3.
(That is how we get all four Q ∈ E(K¯) with 2Q = P .) Conversely, if we are given
Q = (x1, y1) ∈ E(K¯), then Q = Qr1,r2,r3 with
(9) ri = −y1
2
·
(
− 1
x1 − αi +
1
x1 − αj +
1
x1 − αk
)
for each permutation i, j, k of 1, 2, 3.
Formulas from Sect. 2.4 almost immediately lead to the following statement.
Theorem 2.5. Suppose that P = (x0, y0) ∈ E(K). Suppose that square roots
ri =
√
x0 − αi ∈ K¯ (i = 1, 2, 3) satisfy
(10) r1r2r3 = −y0; s1 = r1 + r2 + r3 ∈ K, s2 = r1r2 + r2r3 + r3r1 ∈ K.
Then the point Qr1,r2,r3 ∈ E(K¯) defined by formula (6) enjoys the following prop-
erties:
Qr1,r2,r3 ∈ E(K), 2Qr1,r2,r3 = P.
Conversely, suppose that Q ∈ E(K) satisfies 2Q = P . Then there exists precisely
one triple {r1, r2, r3} of square roots ri =
√
x0 − αi ∈ K¯ (i = 1, 2, 3) that satisfy
(10) and such that Q = Qr1,r2,r3 .
Proof. Suppose that the square roots ri (i = 1, 2, 3) satisfy (10). This implies that
both s1 and s2 defined in (5) lie in K. The point Qr1,r2,r3 = (x1, y1) defined by
formula (6) lies in E(K¯) and 2Q = P . Since, x0, y0, s1, s2 ∈ K, the formulas (6)
imply that x1, y1 ∈ K, i.e., Q ∈ E(K).
Conversely, suppose that P = 2Q with Q = (x1, y1) ∈ E(K). Then
Q ∈ E(K) ⊂ E(K¯); x1, y1 ∈ K.
There exists exactly one triple {r1, r2, r3} of square roots ri =
√
x0 − αi ∈ K¯ that
satisfy (1) such that r1r2r3 = −y0 and Q = Qr1,r2,r3 . In light of (6), s2 = x1 − x0.
Since both x0, x1 ∈ K, we obtain that s2 ∈ K. Since Q ∈ E(K), the slope l of the
tangent line to E at Q lies in K. In light of (7), l = −s1 and therefore s1 ∈ K. To
summarize: r1r2r3 = −y0 and r1 + r2 + r3 = s1 ∈ K, s2 ∈ K. In other words, the
triple {r1, r2, r3} satisfies the conditions (10). 
Corollary 2.6. Suppose that P = (x0, y0) ∈ E(K). Then the following conditions
are equivalent.
(i) P ∈ 2E(K), i.e., there exists Q ∈ E(K) such that 2Q = P .
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(ii) One may choose square roots ri =
√
x0 − αi ∈ K¯ in such a way that
s1 = r1 + r2 + r3 ∈ K, s2 = r1r2 + r2r3 + r3r1 ∈ K.
(iii) One may choose square roots ri =
√
x0 − αi ∈ K¯ in such a way that
r1r2r3 = −y0; s1 = r1 + r2 + r3 ∈ K, s2 = r1r2 + r2r3 + r3r1 ∈ K.
Proof. By Theorem 2.5, one has only to check that (ii) implies (iii). Indeed, suppose
we are given a triple (r1, r2, r3) of square roots ri =
√
x0 − αi such that
s1 = r1 + r2 + r3 ∈ K, s2 = r1r2 + r2r3 + r3r1 ∈ K.
By equality (2), r1r2r3 = ±y0. Replacing if necessary (r1, r2, r3) by (−r1,−r2,−r3)
(and s1 by −s1), we may and will assume that r1r2r3 = −y0 and still s1, s2 ∈ K.
This proves that (ii) implies (actually equivalent to) (iii). 
3. Division by 2
In this section we discuss division by 2 in E(K) when E(K) contains exactly
one point of order 2.
Let K be a field with char(K) 6= 2. Let α be an element of K,
g(x) = x2 + px+ q ∈ K[x]
a monic irreducible quadratic polynomial (in particular, α is not a root of g(x)), and
Kg = K[x]/g(x)K[x] the corresponding quadratic field extension of K. We write
x for the image of x in Kg with respect to the natural surjective homomorphism
K[x]։ K[x]/g(x)K[x] = Kg.
Clearly, x2+ px+ q = 0. Let ι : Kg → Kg be the only nontrivial K-linear automor-
phism (involution) of Kg. We write
Tr : Kg → K, z 7→ z + ι(z), Norm : Kg → K, z 7→ z · ι(z)
for the trace and norm maps attached to Kg/K. We have
z2 − Tr(z) + Norm(z) = (z − z)(z − ι(z)) = 0 ∀z ∈ Kg.
For each a ∈ K we have
g(a) = Norm(a− x).
We also have
ι(x) = −p− x, Norm(x) = q, Tr(x) = −p.
In addition, we have the following equality in Kg[x]:
g(x) = x2 + px+ q = (x − x)(x − ιx) = (x − x)(x+ p+ x).
Let us consider the elliptic curve
(11) E = Eα,p,q : y2 = f(x) := (x− α)g(x).
Clearly, E(K) contains exactly one point of order 2, namely, (α, 0). On the other
hand, E(Kg) contains two remaining points of order 2, namely, (x, 0) and (ιx, 0) =
(−p− x, 0).
We start with the following result that was inspired by a paper of Schaefer [6].
Theorem 3.1. A point P = (x0, y0) ∈ E(K) lies in 2E(K) if and only if x0 − x
is a square in Kg. If this is the case, then x0 − α is a square in K.
Remark 3.2. (i) If x0 ∈ K, then x0 − x 6= 0, because x 6∈ K.
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(ii) Suppose that r ∈ Kg and r ∈ K satisfy
r2 = x0 − α, r2 = x0 − x.
Then
(r · Norm(r))2 = r2 ·Norm(x0 − x) = (x0 − α)g(x0) = y20 .
This means that
(12) r ·Norm(r) = ±y0.
In addition,
(Tr(r))2 = (r+ ι(r))2 = r2 + 2rι(r) + ι(r)2 =
(
r2 + ι(r2)
)
+ 2Norm(r)
= Tr(x0 − x) + 2Norm(r) = 2x0 + p+ 2Norm(r).
It follows that
(13) (Tr(r))2 = 2x0 + p+ 2Norm(r).
Notice also that
Norm(r + r) = (r + r)ι(r + r) = (r + r)(r + ι(r))
= r2 + r(r + ι(r)) + rι(r) = (x0 − α) + rTr(r) + Norm(r).
Consequently,
(14) Norm(r + r) = (x0 − α) + rTr(r) + Norm(r).
The next assertion describes explicitly both 12P ’s in E(K).
Theorem 3.3. Suppose that P = (x0, y0) ∈ E(K). Suppose that r ∈ K and r ∈ Kg
satisfy
r2 = x0 − α, r2 = x0 − x, rNorm(r) = −y0.
Then:
(i) the points
Qr,r := Qr,ι(r),r(x1, y1) := (x0 +Tr(r)r +Norm(r),−y0 − (r +Tr(r)) (Tr(r)r +Norm(r))) =
(α+Norm(r + r),−Tr(r)Norm(r + r))
and
Qr,−r := Q−r,−ι(r),r = (x−1, y−1) :=
(x0 − Tr(r)r +Norm(r),−y0 − (r − Tr(r)) (−Tr(r)r +Norm(r)))
= (α+Norm(r − r),Tr(r)Norm(r − r))
are distinct points of E(K) that satisfy
2Qr,r = 2Qr,−r = P ∈ E(K).
(ii) The tangent lines to E at Qr,r and Qr,−r are defined by the equations
Lr,r : y = lr,r(x− x0)− y0 and Lr,−r : y = lr,−r(x− x0)− y0,
respectively, where
lr,r = − (r +Tr(r)) , lr,−r = − (r − Tr(r)) .
Remark 3.4. Suppose we are given r ∈ Kg with r2 = x0 − x. It follows from
Theorem 3.1 and (12) that there exists precisely one r ∈ K such that r2 = x0 − α
and rNorm(r) = −y0.
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Proof of Theorem 3.1 and 3.3. We start with the proof of Theorem 3.1. Suppose
that P = (x0, y0) ∈ 2E(K). Since E(Kg) contains all three points of order 2 on E
and (x, 0) is one of them; it follows from Theorem 2.3 that x0 − x is a square in
Kg.
Conversely, suppose that x0 − x is a square in Kg. This means that there exists
r ∈ Kg such that
x0 − x = r2 = (−r)2.
By Remark 3.2(i), r does not lie in K. In particular, r 6= 0. We have
x0 − ι(x) = ι(x0 − x) = ι(r2) = ι(r)2.
This implies that
g(x0) = (x0 − x)(x0 − ιx) = (rι(r))2 = Norm(r)2
is a square in K, because Norm(r) ∈ K. Since (x0, y0) ∈ E(K),
y20 = f(x0) = (x0 − α)g(x0) = (x0 − α)Norm(r)2
is a square in K. This implies that x0 −α is also a square in K, because the norm
of nonzero r also does not vanish. It follows that x0 − α is a square in Kg as well.
By Remark 3.2(ii), we may choose
r =
√
x0 − α ∈ K ⊂ Kg
in such a way that
rNorm(r) = rNorm(−r) = r · r · ι(r) = −y0.
Since all three x0−x, x0− ι(x), and x0−α are squares in Kg, Theorem 2.3 implies
that
P = (x0, y0) ∈ 2E(Kg);
by formula (6) combined with the condition rNorm(r) = −y0 and equality (14),
the two different choices (r, ι(r), r) and (−r,−ι(r), r) of the corresponding square
roots give us
Qr,r = (x0 + (r+ ι(r))r + rι(r)),−y0 − (r + r+ ι(r)) ((r + ι(r))r + rι(r)))
= (x0 +Tr(r)r +Norm(r),−y0 − (r +Tr(r)) (Tr(r)r +Norm(r)))
= (α+Norm(r + r),−Tr(r)Norm(r + r))
and
Qr,−r = (x0 − (r+ ι(r))r + rι(r),−y0 − (r − r− ι(r)) ((−r− ι(r))r + rι(r))) =
(α+Norm(−r + r),Tr(r)Norm(r − r)) =
(x0 − Tr(r)r +Norm(r),−y0 − (r − Tr(r)) (−Tr(r)r +Norm(r)))
that are distinct points of E(Kg) such that
2Qr,r = 2Qr,−r = P ∈ E(K).
However, it is clear that they both lie in E(K), since all three r,Tr(r), and Norm(r)
lie in K. This ends the proof of Theorem 3.1. On the other hand, Qr,r and Qr,−r
are exactly the points that appear in the statement of Theorem 3.3; this proves
Theorem 3.3(i) as well. Theorem 3.3(ii) follows from the explicit formula (7) for
the slope l of the tangent line at 12P . 
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Remark 3.5. If P = (x0, y0) ∈ 2E(K), then g(x0) is a square in K. Indeed, we
have
y20 = f(x0) = g(x0)(x0 − α), g(x0) = Norm(x0 − x).
Since x0 − x is a square in Kg, its norm g(x0) is a square in K.
Example 3.6. Suppose g(x) = x2 + px + q ∈ K[x] is an irreducible quadratic
polynomial over K and −x is a square in Kg, i.e., there are exist u, v ∈ K such
that
−x = (ux+ v)2
in Kg. This means that the polynomial (ux+ v)
2 + x is divisible by x2 + px+ q in
K[x], i.e., the polynomial
(2uv + 1− u2p)x+ (v2 − u2q) = (ux+ v)2 + x− u2(x2 + px+ q)
of degree < 2 is divisible by quadratic x2+px+q in K[x] and therefore is identically
zero, i.e.,
2uv + 1 = u2 · p, v2 = u2q.
In addition, u 6= 0, since −x ∈ Kg \K. This implies that there exists b ∈ K such
that
q = b2, v = ub.
It follows that
u2 · p = 2u2b+ 1, (p− 2b)u2 = 1.
This means that
p = 2b+
1
u2
, q = b2, v = ub.
Let us put
a :=
1
u
∈ K \ {0}.
Then we obtain that
p = a2 + 2b, q = b2,
g(x) = x2 + (a2 + 2b)x+ b2; u =
1
a
, v =
b
a
,
and (
1
a
x+
b
a
)2
= −x
in Kg. Since g(x) is irreducible over K, its discriminant
(a2 + 2b)2 − 4b2 = a4 + 4a2b = a2(a2 + 4b)
is not a square in K, i.e, a2+4b is not a square in K. In addition, the constant term
b2 of g(x) does not vanish, i.e., b 6= 0. Now let us consider the K-point W = (0, 0)
of the elliptic curve
E(4)a,b = E0,a2+2b,b2 : y2 =
(
x2 + (a2 + 2b)x+ b2
)
x.
Clearly, W has order 2. It follows from Theorem 3.1 that W is divisible by 2 in
E(K), i.e., there are two points Q+ and Q− of order 4 in E(4)a,b (K) such that
2Q+ = 2Q− = W.
In order to find explicitly Q+ and Q−, let us apply Theorem 3.3. We have
r = 0, r =
1
a
(x+ b);
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Tr(r) =
1
a
(−p) + 2 · b
a
= − (a
2 + 2b)
a
+
2b
a
= −a,
Norm(r) =
Norm(x+ b)
a2
=
g(−b)
a2
= −b.
Now the explicit formulas of Theorem 3.3 give us
Q+ = (−b, ab), Q+ = (−b,−ab).
4. Another criterion of divisibility by 2
We keep the notation of Section 3. However, we drop the assumption that
g(x) = x2 + px + q ∈ K[x] is irreducible over K and assume only that it has no
multiple roots. Let α1, α2 be (distinct) roots of g(x) in K¯. We have
(15) α1 + α2 = −p, α1α2 = q.
Theorem 4.1. Let α be an element of K that is not a root of g(x). Let us consider
the elliptic curve
E : y2 = (x− α)g(x)
over K. Let
W3 = (α3, 0) = (α, 0) ∈ E(K)
be a point of order 2.
Let P = (x0, y0) be a K-point of E. Then P is divisible by 2 in E(K) if and
only if the following two conditions hold.
(i) The difference x0 − α is a square in K.
(ii) There exist square roots r =
√
x0 − α ∈ K and
ri =
√
x0 − αi ∈ K¯ (i = 1, 2)
such that
(16) r1r2r = −y0; r1 + r2 ∈ K.
In addition, if square roots r1, r2, r3 satisfy conditions (ii), then
Q+ = Qr1,r2,r = (x0 + (r1 + r2)r + r1r2,−y0 − ((r1 + r2) + r)((r1 + r2)r + r1r2)
and
Q− = Q−r1,−r2,r = (x0−(r1+r2)r+r1r2,−y0−(−(r1+r2)+r)(−(r1+r2)r+r1r2)
are distinct points of E(K), which satisfy
2Q+ = 2Q− = P, Q− = Q+ +W3.
Conversely, if Q ∈ E(K) satisfies 2Q = P , then there exist square roots r, r1, r2
that satisfy conditions (ii) and Q = Qr1,r2,r.
Remark 4.2. If x0 6= α, i.e., P 6= (α, 0), then r =
√
x0 − α 6= 0 and
r1r2 = −y0
r
.
It follows from Theorem 4.1 that
P = (x0, y0) ∈ E(K)
is divisible by 2 in E(K) if and only if there exist square roots
r =
√
x0 − α ∈ K, ri =
√
x0 − αi ∈ K¯ (i = 1, 2)
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such that
(17) r1r2 = −y0
r
, r1 + r2 ∈ K.
Proof of Theorem 4.1. Let us put
α3 = α, W3 = (α3, 0) ∈ E(K).
Suppose that conditions (i)-(ii) hold. Let us put
r3 = r ∈ K.
We have
(r1 + r2)
2 = r21 + 2r1r2 + r
2
2 = (x0 − α1) + 2r1r2 + (x0 − α2)
= 2x0 − (α1 + α2) + 2r1r2 = (2x0 + p) + 2r1r2.
Since all three r1 + r2, x0, p lie in K, we obtain that
r1r2 ∈ K.
Notice that
(18) s1 = r1 + r2 + r3 = (r1 + r2) + r, s2 = r1r2 + r2r3 + r3r1 = (r1 + r2)r+ r1r2.
Clearly, both s1 and s2 lie in K. Let us put
(19) x1 = x0 + r1r2 + r2r3 + r3r1 = x0 + s2,
y1 = −y0 − (r1 + r2 + r3)(r1r2 + r2r3 + r3r1) = −y0 − s1s2.
Since all x0, y0, s1, s2 lie in K, both x1 and y1 also lie in K. By formula (6), the
point Q+ = Qr1,r2,r3 = (x1, y1) lies in E(K¯) and satisfies 2Q+ = P . Since x1 and
y1 lie in K, the point Q+ actually lies in E(K), and therefore P is divisible by 2
in E(K). Similarly, the triple of square roots (−r1,−r2, r3) satisfies (1) and (4); in
addition,
(−r1) + (−r2) = −(r1 + r2) ∈ K, (−r1)(−r2)− r1r2.
This implies that
Q− = Q−r1,−r2,r3 = Qr1,r2,r3 +W3 = Q+ +W3
also lies in E(K) and satisfies 2Q− = P .
Conversely, suppose that P = 2Q with Q = (x1, y1) ∈ E(K). We claim that
x0 − α3 = x0 − α is a square in K. Indeed, if g(x) is irreducible over K, then our
claim follows from Theorem 3.1. If g(x) is reducible, i.e., α1, α2 and α3 lie in K,
then our claim follows from Theorem 2.3.
It follows from Theorem 2.5 that there exist square roots ri =
√
x0 − αi such
that
r1r2r3 = −y0, r1 + r2 + r3 ∈ K, r1r2 + r2r1 + r3r1 ∈ K
and
Q = (x1, y1) = Qr1,r2,r3 .
Notice that
r := r3 =
√
x0 − α3 =
√
x0 − α ∈ K
and therefore
r1r2r = r1r2r3 = −y0, Q = Qr1,r2,r3 = Qr1,r2,r.
Since r3 = r ∈ K, we conclude that r1 + r2 = (r1 + r2 + r3)− r3 ∈ K. 
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Remark 4.3. Let Q = (x1, y1) ∈ E(K) with y1 6= 0 (i.e., Q is none of Wj) and
P = 2Q ∈ E(K). Then Q = Qr1,r2,r3 for suitable rk =
√
x(P )− αk, and formulas
(9) (with i = 3) tell us that
r3 = −y1
2
·
(
− 1
x1 − α +
1
x1 − α1 +
1
x1 − α2
)
= −y1
2
·
(
− 1
x1 − α +
2x1 + p
g(x1)
)
.
In particular, if x1 = 0 and α = −1, then y21 = q, g(x1) = q and
r23 =
q
4
·
(
−1 + p
q
)2
=
(p− q)2
4q
and
(20) x(P ) = x(2Q) = α+ r23 =
(p− q)2
4q
− 1.
Theorem 4.4. We keep the notation and assumptions of Theorem 4.1. Assume
additionally that x0 6= α, i.e., P 6= (α, 0). Then P = (x0, y0) is divisible by 2 in
E(K) if and only if there exists r ∈ K such that r2 = x0 − α and (2x0 + p)(x0 −
α)− 2y0r is a square in K.
In addition, if these equivalent conditions hold and we choose
T =
√
(2x0 + p)(x0 − α)− 2y0r
r
∈ K,
then
Qr,T = (x1, y1) :=
(
x0 + rT − y0
r
,−y0 − (r + T )
(
rT +
y0
r
))
and
Qr,−T = (x−1, y−1) :=
(
x0 − rT − y0
r
,−y0 − (r − T )
(
−rT + y0
r
))
are distinct points of E(K), which satisfy
2Qr,T = 2Qr,−T = P ∈ E(K), Qr,−T = Qr,T +W3.
Conversely, if Q ∈ E(Q) satisfies 2Q = P , then there exist
r =
√
x0 − α ∈ K and T =
√
(2x0 + p)(x0 − α)− 2y0r
r
∈ K
such that Q = Qr,T .
Proof. In light of Remark 4.2, the divisibility of P by 2 in E(K) is equivalent to
the existence of square roots r =
√
x0 − α ∈ K and ri =
√
x0 − αi ∈ K¯ (i = 1, 2)
such that
r1r2 = −y0
r
, r1 + r2 ∈ K.
Suppose such r1, r2, r exist. Then (r1 + r2)
2 is a square in K. We have
(21)
(r1 + r2)
2 = r21 + 2r1r2 + r
2
2 = (x0 − α1)− 2
y0
r
+ (x0 − α2)
= 2x0 + p− 2y0
r
=
(2x0 + p)(x0 − α)− 2y0r
r2
.
This implies that (2x0 + p)(x0 − α)− 2y0r is a square in K.
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Conversely, suppose that there exists r ∈ K such that r2 = x0 − α and (2x0 +
p)(x0 − α)− 2y0r is a square in K. This implies that
(2x0 + p)(x0 − α)− 2y0r
r2
=
(2x0 + p)(x0 − α)− 2y0r
x0 − α = 2x0 + p−
2y0
r
is a square in K. Let us put r3 = r and choose square roots ri =
√
x0 − αi ∈ K¯
(i = 1, 2) in such a way that r1r2r3 = −y0. (Since r3 = r 6= 0, the only other choice
of such a pair of square roots is (−r1,−r2).) Let
T := r1 + r2.
We have
r1r2 = −y0
r
∈ K
and
T 2 = (r1 + r2)
2 = r21 + 2r1r2 + r
2
2 = (x0 − α1)− 2
y0
r
+ (x0 − α2) =
2x0 + p− 2y0
r
=
(2x0 + p)(x0 − α)− 2y0r
r2
is a square in K. This implies that
T = r1 + r2 ∈ K.
It follows from Remark 4.2 that P is divisible by 2 in E(K). By Theorem 4.1 we
obtain that
Q+ = Qr1,r2,r = (x0 + (r1 + r2)r + r1r2,−y0 − ((r1 + r2) + r)((r1 + r2)r + r1r2)
and
Q− = Q−r1,−r2,r = (x0−(r1+r2)r+r1r2,−y0−(−(r1+r2)+r)(−(r1+r2)r+r1r2)
are distinct points of E(K), which satisfy
2Q+ = 2Q− = P, Q− = Q+ +W3.
Taking into account that
r1 + r2 = T, r1r2 = −y0
r
,
we obtain that
Qr,T = Q+, Qr,−T = Q−,
and therefore
Qr,T ,Qr,−T ∈ E(K), Qr,−T = Qr,T +W3,
2Qr,T = 2Qr,−T = P.
On the other hand, if P = 2Q with Q ∈ E(K), then it follows from Theorem 4.1
that there exist square roots r =
√
x0 − α ∈ K and
ri =
√
x0 − αi ∈ K¯ (i = 1, 2)
such that
r1r2r = −y0, r1 + r2 ∈ K
andQ = Qr1,r2,r. This implies that r1r2 = −y0/r. Now if we put T = (r1+r2) ∈ K,
then (as we have already seen)
T 2 = (r1 + r2)
2 = (2x0 + p)(x0 − α)− 2y0r ∈ K.
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Now one can easily check that
Qr1,r2,r = (x0 + (r1 + r2)r + r1r2,−y0 − ((r1 + r2) + r)((r1 + r2)r + r1r2) = Qr,T ,
and therefore Q = Qr,T .

Remark 4.5. It is known (3) that r1 + r2 6= 0. In light of (21),
(2x0 + p)(x0 − α) − 2y0r 6= 0.
Theorem 4.6. Let α be an element of K that is not a root of g(x). Let us consider
the elliptic curve
E : y2 = g(x)(x− α)
over K. Let y0 be a nonzero element of K. Then
P = (0, y0) ∈ 2E(K) ⊂ E(K)
if and only if there exists r ∈ K and a nonzero T ∈ K such that
(22) r2 = −α, g(x) = x2 +
(
T 2 + 2
y0
r
)
x+
(y0
r
)2
.
If (22) holds, then the equation for E becomes
(23) y2 = (x+ r2)
(
x2 +
(
T 2 + 2
y0
r
)
x+
(y0
r
)2)
.
In addition,
Qr,T =
(
rT − y0
r
,−y0 − (r + T )
(
rT − y0
r
))
and
Qr,−T =
(
−rT − y0
r
,−y0 − (r − T )
(
−rT − y0
r
))
are distinct points of E(K) that satisfy
2Qr,T = 2Qr,−T = P, Qr,−T = Qr,T +W3.
Moreover, if Q ∈ E(K) satisfies 2Q = P , then there exist
r ∈ K and T ∈ K
that enjoy property (22) and Q = Qr,T .
Proof. We have the equation for E
y2 = (x2 + px+ q)(x − α).
Since P = (x0, y0) = (0, y0) ∈ E(K), we have y20 = q · (−α), which means that
q =
y20
−α.
In light of Theorem 4.4, the inclusion P ∈ 2E(K) is equivalent to the existence of
nonzero r, T ∈ K such that
r2 = −α, T 2 = (2x0 + p)(x0 − α)− 2y0r
r2
=
pr2 − 2y0r
r2
= p− 2y0
r
.
This means that
q =
(y0
r
)2
, p = T 2 + 2
y0
r
,
i.e.,
g(x) = x2 + px+ q = x2 +
(
T 2 + 2
y0
r
)
x+
(y0
r
)2
.
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The assertions about Qr,T , Qr,−T , and Q = 12P follow from the corresponding
assertions of Theorem 4.4. 
Remark 4.7. Dividing both sides of (23) by r6 and making the substitution
x˜ =
x
r2
, y˜ =
y
r3
, t =
T
r
, y˜0 =
y0
r3
,
we obtain that E is isomorphic to the elliptic curve
(24) E˜t,y˜0 : y˜
2 = (x˜+ 1)
(
x˜2 +
(
t2 + 2y˜0
)
x˜+ y˜20
)
.
In addition, the isomorphism
E ∼= E˜t,y˜0 : (x, y) 7→ (x˜, y˜) =
( x
r2
,
y
r3
)
sends W3 = (−r2, 0) ∈ E(K) to W˜3 = (−1, 0) ∈ E˜t,y˜0(K), P to P˜ = (0, y˜0) ∈
E˜t,y˜0(K), Qr,T to Q1,t = (t− y˜0,−y˜0 − (1 + t) (t− y˜0)), and Qr,−T to Q1,−t =
(−t− y˜0,−y˜0 − (1− t) (−t− y˜0)). We also have
2Q1,t = 2Q1,−t = P˜ , Q1,−t = Q1,t + W˜3.
5. Elliptic curves with points of order 4
Let E be an elliptic curve over a field K with char(K) 6= 2. Suppose that E(K)
contains exactly one point of order 2. Then E is K-isomorphic to
E0,p,q : y2 = x(x2 + px+ q),
where x2 + px+ q ∈ K[x] is an irreducible quadratic polynomial.
Theorem 5.1. The following conditions are equivalent.
(i) E(K) contains a cyclic subgroup of order 4.
(ii) There exist nonzero a, b ∈ K such that a2 + 4b is not a square in K and E
is K-isomorphic to the elliptic curve
E(4)a,b : y2 = x
(
x2 + (a2 + 2b)x+ b2
)
.
Proof. Suppose (i) holds. We may assume that E = E0,p,q. It follows from Example
3.6 that there are nonzero a, b ∈ K such that a2+4b is not a square inK, p = a2+2b,
and q = b2. This means that E = E(4)a,b , i.e., (ii) holds.
Suppose (ii) holds. We may assume that
E = E(4)a,b : y2 = x
(
x2 + (a2 + 2b)x+ b2
)
with nonzero a, b ∈ K and a2+4b is not a square in K. (In particular, a2+4b 6= 0.)
Clearly, W = (0, 0) is a point of order 2 in E(K) and P = (−b, ab) ∈ E(K). If
we put g(x) = x2 + (a2 + 2b)x + b2, then arguments of Example 3.6 show that W
is divisible by 2 in E(4)a,b (K), and therefore E(4)a,b (K) contains a point of order 4. In
fact, it contains exactly two points of order 4, namely, (−b, ab) and (−b,−ab). 
Remark 5.2. D. Kubert [5] described another family of elliptic curves
E4,t : y2 + xy − ty = x3 − tx2
with point Q = (0, 0) of order 4. The equation for E4,t is equivalent to
y2 + 2y
(x− t)
2
+
(x− t)2
4
= (x− t)x2 + (x− t)
2
4
.
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Now the change of variables
x˜ = x− t, y˜ = y + (x− t)
2
allows us to rewrite the equation as follows:
y˜2 = x˜
(
(x˜ + t)2 +
x˜
4
)
= x˜
(
x˜2 + (2t+
1
4
)x˜+ t2
)
.
This implies that E4,t is isomorphic to Ea,b with b = t, a = 1/2.
Theorem 5.3. Let K be a field with char(K) 6= 2, and let a, b be nonzero elements
of K such that a2 + 4b is not a square in K. (In particular, a2 + 4b 6= 0.) Let c, d
be nonzero elements of K such that c2 + 4d 6= 0. Then the elliptic curves Ea,b and
Ec,d are K-isomorphic if and only if there exists a nonzero u ∈ K such that
c2 + 2d = u2(a2 + 2b), u4d2 = b2.
Proof. Since a2+4b is not a square inK, the quadratic polynomial x2+(a2+2b)x+b2
has no roots in K. This implies that Ea,b has exactly one point of order 2, namely,
Wa,b = (0, 0). Let φ : Ea,b ∼= Ec,d be a K-isomorphism. Since Wc,d = (0, 0) is a
point of order 2 in Ec,d(K), it is the only point of order 2 in Ec,d(K) and φ sends
Wa,b = (0, 0) ∈ Ea,b to Wc,d = (0, 0) ∈ Ec,d. Let
y˜2 = x˜
(
x˜2 + (c2 + 2d)x˜+ d2
)
be the equation of Ec,d in coordinates x˜, y˜. According to [10, Sect. 1, p. 301,
formula (1.13)], there exist a nonzero u ∈ K and α, β, γ ∈ K such that the following
conditions hold:
x˜ ◦ φ = u2x+ α, y˜ ◦ φ = u3y + βu2x+ γ.
Since φ sends (0, 0) ∈ Ea,b(K) to (0, 0) ∈ Ec,d(K), we have α = 0 = γ. Since φ
commutes with the multiplication by −1, we conclude that β = 0, i.e., φ is defined
by the formulas
(25) x˜ ◦ φ = u2x, y˜ ◦ φ = u3y.
Now [10, Sect. 1, p. 301, formula (1.14)] implies that
(26) u2(a2 + 2b) = (c2 + 2d), u4b2 = d2.
This proves our assertion in one direction. In order to prove it in the opposite direc-
tion, let us assume that (26) holds. Then the formulas (25) define an isomorphism
φ : Ea,b ∼= Ec,d. 
Remark 5.4. Let us look more closely at equalities (26). They may be rewritten
as follows:
u2(a2 + 2b) = (c2 + 2d), d = ±u2b.
It follows that u2(a2 + 2b) = (c2 ± 2u2b), i.e., either
d = u2b, u2(a2 + 2b) = (c2 + 2u2b),
and so
u2a2 = c2, c = ±ua,
or
d = −u2b, u2(a2 + 2b) = (c2 − 2u2b),
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and therefore
u2(a2 + 4b) = c2;
in the latter case a2 + 4b is a square in K, which is not the case. So, we have
d = u2b, dc = ±ua,
and therefore u = ±c/a, which implies that
b =
da2
c2
.
We have
(c2 + 2d) =
(
± c
a
)2(
a2 + 2 · da
2
c2
)
u2 = u2(a2 + 2b).
It follows that if a is a fixed nonzero element of K and E is an elliptic curve over
K such that E(K) contains a point of order 4 and exactly one point of order 2,
then there exists exactly one (nonzero) b ∈ K such that E is K-isomorphic to Ea,b.
In particular, if we take a = 1/2, then we get that there is exactly one t ∈ K such
that E is K-isomorphic to E4,t.
6. Elliptic curves with points of order 8
Let E be an elliptic curve over a field K with char(K) 6= 2. Suppose that E(K)
contains exactly one point of order 2 and two points of order 4. Then there exist
nonzero a, b ∈ K such that a2 + 4b is not a square in K and E is K-isomorphic to
E(4)a,b : y2 = x
(
x2 + (a2 + 2b)x+ b2
)
.
6.1. Recall that E(4)a,b (K) contains exactly two points of order 4, namely, Q+ =
(−b, ab) and Q− = (−b,−ab) = −Q+. It follows that the existence of a point
of order 8 in E(4)a,b (K) is equivalent to the divisibility by 2 of Q+ in E(4)a,b (K). By
Theorem 4.4 and Remark 4.5, Q+ is divisible by 2 if and only if (−b)−0 is a square in
K and there exists r ∈ K such that r2 = x0−α and nonzero (2x0+p)(x0−α)−2y0r
is a square in K, where
α = 0, p = a2 + 2b; x0 = −b, y0 = ab.
This means that r2 = −b 6= 0 and
(−2b+ a2 + 2b)(−b)− 2abr = a2r2 + 2ar2r = r2(a2 + 2ar) = r2 ((a+ r)2 − r2)
is a nonzero square in K. It follows that Q+ is divisible by 2 in E(4)a,b (K) if and only
if there exist nonzero r, T ∈ K such that
(27) b = −r2, T 2 = (a+ r)2 − r2.
If this is the case, then Theorem 4.4 gives us two distinct halves of Q+ in E(4)a,b (K),
namely,
(28) Qr,T = (x1, y1) :=
(
−b+ rT − ab
r
,−ab− (r + T )
(
rT − ab
r
))
Qr,−T = (x−1, y−1) :=
(
−b− rT − ab
r
,−ab− (r − T )
(
−rT − ab
r
))
;
2Qr,T = 2Qr,−T = Q+, Qr,−T = Qr,T +W3.
This implies that both Qr,T and Qr,−T have order 8.
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Proposition 6.2. E(4)a,b (K) contains a point of order 8 if and only if there exist
nonzero r, t ∈ K such that t 6= 0,±1 and
b = −r2, a = 2t
2r
1− t2 .
Proof. Dividing the second equation in (27) by r2, we get(
T
r
)2
=
(a
r
+ 1
)2
− 1.
Using the well-known rational parametrization of the hyperbola, we obtain that
this equality is equivalent to the existence of a t ∈ K, t 6= ±1, such that
a
r
+ 1 =
1 + t2
1− t2 ,
T
r
=
2t
1− t2 .
This means that
(29) a =
2t2r
1− t2 , T =
2tr
1− t2
for t ∈ K, t 6= ±1. Since T 6= 0, we have t 6= 0. We still need to find what does it
mean in terms of r, t that a2 + 4b is not a square in K. We have
a2 + 4b =
(
2t2r
1− t2
)2
+ 4(−r2) = 4r2 2t
2 − 1
(1− t2)2 .
This implies that a2 + 4b is not a square in K if and only if t 6= ±1 and 2t2 − 1 is
not a square. 
Theorem 6.3. Let E be an elliptic curve over a field K with char(K) 6= 2. Suppose
that E(K) contains exactly one point of order 2. Then the following conditions are
equivalent.
(i) E(K) contains a cyclic subgroup of order 8.
(ii) There exists t ∈ K such that
(1) t 6= 0,±1,
(2) 2t2 − 1 is not a square in K,
(3) E is K-isomorphic to the elliptic curve
E(8)t : y2 = x
(
x2 + 2
t4 + 2t2 − 1
(t2 − 1)2 x+ 1
)
.
Proof. Combining Theorem 5.1 with Proposition 6.2, we conclude that the condi-
tion (i) is equivalent to the existence of nonzero r, t ∈ K, t 6= ±1, such that
a =
2t2r
1− t2 , b = −r
2
enjoy the following properties.
(a) a 6= 0.
(b) a2 + 4b is not a square in K.
(c) E is isomorphic over K to the elliptic curve
E(4)a,b : y2 = x
(
x2 + (a2 + 2b)x+ b2
)
.
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We notice that a = 0 if and only if t = 0; moreover,
b2 = (−r2)2 = r4,
a2 + 2b = 2r2
(t4 + 2t2 − 1)
(t2 − 1)2 .
Consequently, the curve E is K-isomorphic to the curve
E(8)r,t : y2 = x
(
x2 + 2r2
t4 + 2t2 − 1
(t2 − 1)2 x+ r
4
)
.
Dividing both sides by r6 and using the change of variables x˜ = x/r2, y˜ = y/r3, we
get the elliptic curve
E(8)t : y˜2 = x˜
(
x˜2 + 2
t4 + 2t2 − 1
(t2 − 1)2 x˜+ 1
)
,
(where t 6= 0,±1) that is K-isomorphic to E. It remains to notice that a2 + 4b is
not a square in K if and only if 2t2 − 1 is not a square. 
Example 6.4. Let us describe explicitly points of order 8 in E(8)t (K). Notice that
E(8)t = E(4)a,b with
a =
2t2
1− t2 , b = −1, r = 1, T =
2t
1− t2 .
In particular, E(8)t (K) contains a point Q+ = (−b, ab) = (1,− 2t
2
1−t2 ) of order 4.
Clearly, the conditions (27) hold. Then (28) give us two distinct order 8 points in
E(8)t (K), namely,
Qr,T =
(
1 +
2t
1− t2 +
2t2
1− t2 ,
2t2
1− t2 −
(
1 +
2t
1− t2
)(
2t
1− t2 +
2t2
1− t2
))
=
(
t+ 1
1− t ,
−2t
(1− t)2
)
,
Qr,−T =
(
1− 2t
1− t2 +
2t2
1− t2 ,
2t2
1− t2 −
(
1− 2t
1− t2
)(
− 2t
1− t2 +
2t2
1− t2
))
=
(
1− t
1 + t
,
2t
(1 + t)2
)
;
2Qr,T = 2Qr,−T = Q+, Qr,−T = Qr,T +W3.
So, E(8)t (K) contains exactly four points of order 8, namely,(
1 + t
1− t ,
−2t
(1− t)2
)
,
(
1− t
1 + t
,
2t
(1 + t)2
)
and their negatives (
1 + t
1− t ,
2t
(1 − t)2
)
,
(
1− t
1 + t
,
−2t
(1 + t)2
)
.
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Remark 6.5. D. Kubert [5] described another family of elliptic curves
(30) E8,d : y2 + (1− c)xy − by = x3 − bx2
with point Q = (0, 0) of order 8, where
c =
(2d− 1)(d− 1)
d
, b = (2d− 1)(d− 1).
Completing the square on the left-hand side of the equation, we get(
y +
(1 − c)x− b
2
)2
= x3 − bx2 +
(
(1− c)x− b
2
)2
.
The curve given by the latter equation is isomorphic to
y2 = x3 +
((
1− c
2
)2
− b
)
x2 − (1 − c)b
2
x+
b2
4
.
Since
1− c
2
=
−2d2 + 4d− 1
2d
,
we get
y2 = x3 +
(−4d4 − 4d3 + 16d2 − 8d+ 1
4d2
)
x2
− (−2d
2 + 4d− 1)(2d− 1)(d− 1)
2d
x+
(2d− 1)2(d− 1)2
4
.
Multiplying both sides of the above equation by d6 and replacing yd3 by y and xd2
by x, we get the equation with polynomial coefficients
y2 = x3 +
(−4d4 − 4d3 + 16d2 − 8d+ 1
4
)
x2
− (−2d
2 + 4d− 1)(2d− 1)(d− 1)d3
2
x+
d6(2d− 1)2(d− 1)2
4
.
The polynomial on the right can be factored as follows:
(x − (d4 − d3))
(
x2 +
1− 8d(d− 1)2
4
x− d
3(d− 1)(2d− 1)2)
4
)
.
Now using the change of variables x− (d4 − d3)→ x, we obtain that
y2 = x
(
x2 +
8d4 − 16d3 + 16d2 − 8d+ 1
4
x+ d4(d− 1)4
)
.
Dividing both sides by d6(d−1)6 and using the change of variables x˜ = x/d2(d−1)2,
y˜ = y/d3(d− 1)3, we get the elliptic curve
y˜2 = x˜
(
x˜2 +
8d4 − 16d3 + 16d2 − 8d+ 1
4d2(d− 1)2 x˜+ 1
)
.
It is easy to verify that
8d4 − 16d3 + 16d2 − 8d+ 1
4d2(d− 1)2 = 2
t4 + 2t2 − 1
(t2 − 1)2 ,
where t = 2d−1. This implies that E8,d is isomorphic overK to E(8)t with t = 2d−1.
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Theorem 6.6. Let K be a field with char(K) 6= 2. Let s, t ∈ K be nonzero elements
of K such that s, t 6= ±1 and 2t2 − 1, 2s2 − 1 are not squares in K. If K does not
contain a primitive 4th root of 1, then the elliptic curves E(8)s and E(8)t are K-
isomorphic if and only if s = ±t or s2 + t2 = 2s2t2. If K contains a primitive 4th
root of 1, then E(8)s and E(8)t are K-isomorphic if and only if s = ±t, s2+t2 = 2s2t2,
or s4t4 + 2s2 + 2t2 = 4s2t2 + 1.
Proof. It follows from Theorem 5.3 that E(8)s and E(8)t are K-isomorphic if and only
if there exists u ∈ K such that u4 = 1 and
s4 + 2s2 − 1
(s2 − 1)2 = u
2 t
4 + 2t2 − 1
(t2 − 1)2 .
If K does not contain a primitive 4th root of 1, then the latter equality is possible
only if
s4 + 2s2 − 1
(s2 − 1)2 =
t4 + 2t2 − 1
(t2 − 1)2 ,
which takes place if and only if one of the equalities s = ±t or s2 + t2 = 2s2t2 is
valid. If K contains a primitive 4th root of 1, then we have
s4 + 2s2 − 1
(s2 − 1)2 = ±
t4 + 2t2 − 1
(t2 − 1)2 ,
which holds if and only if s = ±t, s2 + t2 = 2s2t2, or s4t4 + 2s2 + 2t2 = 4s2t2 + 1.

7. Elliptic curves with point of order 6
Let K be a field with charK 6= 0. Let E be an elliptic curve over K defined by
the equation
y2 = f(x),
where f(x) ∈ K[x] is a monic cubic polynomial without repeated roots.
Example 7.1. Let t ∈ K \ 0,−4, 1/2. Let us consider the elliptic curve
E(6)t : y2 = (x2 + (t2 + 2t)x+ t2)(x+ 1)
over K. (We assume that t 6∈ {0,−4, 1/2} to exclude the case when the cubic
polynomial has a repeated root.) The group E(K) contains the point W3 = (−1, 0)
of order 2 and the point P = (0, t). Let us put
y0 = t, r = 1, T = t.
Then the curve E(6)t coincides with the elliptic curve (23) from Theorem 4.6. Ac-
cording to this theorem,
Qr,T =
(
rT − y0
r
,−y0 − (r + T )
(
rT − y0
r
))
and
Qr,−T =
(
−rT − y0
r
,−y0 − (r − T )
(
−rT − y0
r
))
are distinct points of E(K) that satisfy
2Qr,T = 2Qr,−T = P, Qr,−T = Qr,T +W3.
In our case
rT = t,
y0
r
= t, rT − y0
r
= 0,−rT − y0
r
= −2t.
FAMILIES OF ELLIPTIC CURVES WITH RATIONAL TORSION POINTS OF EVEN ORDER21
This implies that
Qr,T = (0,−y0) = (0,−t) = −P, Qr,T +W3 = Qr,−T
= (−2t,−t− (1− t)(−2t)) = (−2t, t− 2t2).
Since
Qr,T = −P, 2Qr,T = −P,
P and Qr,T have order 3 while Qr,−T = Qr,T + W3 has order 6. So, the point
(0, t) ∈ E(6)t (K) has order 3 and the point (−2t, t− 2t2) ∈ E(6)t (K) has order 6.
Notice that E(6)t (K) contains exactly one point of order 2 if and only if the
discriminant (t2 + 2t)2 − 4t2 = t2(t2 + 4t) of x2 + (t2 + 2t)x + t2 is not a square,
i.e., if and only if t2 + 4t is not a square.
Theorem 7.2. The following conditions on E are equivalent.
(i) E(K) contains a point of order 6.
(ii) There exists t ∈ K \ {0,−4, 1/2} such that E is isomorphic over K to the
elliptic curve
E(6)t : y2 = (x+ 1)(x2 + (t2 + 2t)x+ t2).
Proof. Suppose E(K) contains a point of order 6. This means that E(K) contains
a point of order 2 and a point of order 3. The existence of a point of order 2 in
E(K) means that f(x) has a root in K say, α and one may represent f(x) as a
product
f(x) = g(x)(x − α) ∈ K[x],
where
g(x) = x2 + px+ q ∈ K[x]
is a monic quadratic polynomial without repeated roots such that our α ∈ K is not
a root of g(x). Then W3 = (α, 0) ∈ E(K) is a point of order 2.
Let P = (x0, y0) ∈ E(K) be a point of order 3. Since 3 6= 2, we have y0 6= 0.
Using the change of variables x→ x − x0 (and replacing α by α− x0 and g(x) by
g(x − x0)), we may and will assume that x0 = 0, i.e., P = (0, y0). Since P has
order 3, it lies in 2E(K), because 2(−P ) = P . Let us apply the last assertion of
Theorem 4.6 to P = (0, y0) and Q = −P = (0,−y0). We obtain that there exist
r ∈ K and a nonzero T ∈ K such that
r2 = −α, g(x) = x2 + px+ q = x2 +
(
T 2 + 2
y0
r
)
x+
(y0
r
)2
,
(0,−y0) = Q = Qr,T =
(
rT − y0
r
,−y0 − (r + T )
(
rT − y0
r
))
.
Looking at the x-coordinates, we see that
rT − y0
r
= 0, rT =
y0
r
, y0 = r
2T,
and therefore
g(x) = x2 + (T 2 + 2rT )x+ (rT )2, f(x) = (x2 + (T 2 + 2rT )x+ (rT )2)(x + r2)
and the equation for E is
E : y2 = f(x) = (x2 + (T 2 + 2rT )x+ (rT )2)(x + r2).
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Dividing both sides of this equation by r6, and making a change of variables x˜ =
x/r2, y˜ = y/r3, we obtain that E is isomorphic to the elliptic curve
E(6)t : y˜2 = (x˜+ 1)(x˜2 + (t2 + 2t)x˜+ t2)
with t = T/r 6= 0. Since the polynomial (x˜+1)(x˜2+(t2+2t)x˜+ t2) has no multiple
roots, we conclude that t 6∈ {−4, 0, 1/2}.
The converse assertion follows from Example 7.1. 
Remark 7.3. In Theorem 7.2 we do not assume that char(K) 6= 3!
Example 7.4. Let K = F3 be the 3-element field. Then there is exactly one
element t in F3 \ {0,−4}, namely t = 1. It follows from Theorem 7.2 that E is an
elliptic curve over K such that E(F3) contains a point of order 6 if and only if E is
F3-isomorphic to
E(6)1 : y2 = (x + 1)(x2 + 1).
Let us consider the curve E(6)1 . It contains an F3-point of order 6, namely, Q =
(−2t, t − 2t2) = (−2,−1). Hence the whole group E(6)1 (F3) has order divisible by
6. On the other hand, by Hasse’s bound, the order of E(6)1 (F3) does not exceed
3 + 2
√
3 + 1 < 6 · 2. This implies that E(6)1 (F3) has order 6 and therefore coincides
with the cyclic group of order 6 generated by Q.
Remark 7.5. D. Kubert described another family of elliptic curves
E6,t : y2 + (1− c)xy − (c+ c2)y = x3 − (c+ c2)x2
with point Q = (0, 0) of order 6. The equation for E6,c is equivalent to
y2 + 2y
(1− c)x− (c+ c2)
2
+
((1− c)x− (c+ c2))2
4
= x3 − (c+ c2)x2 + ((1 − c)x− (c+ c
2))2
4
.
The left-hand side is equal to (y + ((1− c)x− (c+ c2))/2)2 while the right-hand
side splits into the product
(x − c)
(
x2 +
−3c2 − 2c+ 1
4
x− c
3 + 2c2 + c
4
)
.
After the change of variables x˜ = x− (c2 + c), y˜ = y + ((1 − c)x− (c+ c2))/2, we
get the equation
y˜2 = (x˜+ c2)
(
x˜2 +
5c2 + 6c+ 1
4
x˜+
c2(c+ 1)2
4
)
.
Dividing both sides by c6, we get the equation(
y˜
c3
)2
=
(
x˜
c2
+ 1
)((
x˜
c2
)2
+
5c2 + 6c+ 1
4c2
(
x˜
c2
)
+
(c+ 1)2
4c2
)
.
Now the change of variables x¯ = x˜/c2, y¯ = y˜/c3 gives us the equation
y¯2 = (x¯+ 1)
(
x¯2 +
5c2 + 6c+ 1
4c2
x¯+
(
c+ 1
2c
)2)
,
which is nothing else but the equation of E(6)t with t = (c+ 1)/2c.
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8. Elliptic curves with point of order 12
Let K be a field with char(K) 6= 2, and let t ∈ K \ {0,−4, 1/2} be such that
t2 + 4t is not a square in K. Let us consider the elliptic curve
E := E(6)t : y2 = g(x)(x + 1),
where
g(x) = x2 + (t2 + 2t)x+ t2
is a quadratic irreducible polynomial over K. Then W = W3 = (−1, 0) is the only
point of order 2 in E(K). We know that E(K) contains a point of order 3. Hence
E(K) contains a point of order 12 if and only if W is divisible by 2 in E(K). This
is equivalent to the condition that −1− x is a square in the quadratic extension
Kg = K[x]/g(x)K[x]
of K, i.e., there exist u, v ∈ K such that
−1− x = (ux+ v)2 ∈ Kg.
Clearly, such u 6= 0. (Here x is the image of x in Kg.) In other words,W is divisible
by 2 in E(K) if and only if there exist u, v ∈ K such that (ux + v)2 − (−1− x) is
divisible by g(x). The latter condition means that there exist u, v ∈ K such that
u2x2 + (2uv + 1)x+ (v2 + 1) = (ux+ v)2 + x+ 1
coincides with
u2g(x) = u2x2 + u2(t2 + 2t)x+ u2t2,
i.e.,
2uv + 1 = u2(t2 + 2t), v2 + 1 = u2t2.
Subtracting one equation from the other, we obtain that
v2 − 2uv = −2tu2.
Dividing both sides by u2 and putting λ = v/u, we get
λ2 − 2λ = −2t,
which gives us
t =
2λ− λ2
2
, v = λu.
This implies that λ 6= 0, since t 6= 0 and therefore v 6= 0. We have
(λu)2 + 1 = u2
(
2λ− λ2
2
)2
,
which means that
1 = u2
((
2λ− λ2
2
)2
− λ2
)
= u2λ2
((
2− λ
2
)2
− 1
)
.
Consequently,
1 = v2
((
1− λ
2
)2
− 1
)
.
Putting s = 1 − λ/2 and µ = 1/v, we get the equation for a hyperbola in (s, µ)-
coordinates.
µ2 = s2 − 1.
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Using the standard parametrization
s =
1 + T 2
1− T 2 , µ =
2T
1− T 2
of this hyperbola, we obtain
λ =
4T 2
T 2 − 1 , t =
2λ− λ2
2
= −4T
2(T 2 + 1)
(T 2 − 1)2 ,
t2 + 2t =
8T 2(T 2 + 1)(T 4 + 4T 2 − 1)
(T 2 − 1)4 ,
and the equation of E takes the form
y2 = (x+ 1)
(
x2 +
8T 2(T 2 + 1)(T 4 + 4T 2 − 1)
(T 2 − 1)4 x+
16T 4(T 2 + 1)2
(T 2 − 1)4
)
.
The condition t ∈ K \{0,−4, 1/2} is equivalent to T 6∈ {0,±1,±√−1}, 3T 2−1 6= 0,
and 3T 2 + 1 6= 0. Since
t2 + 4t =
16T 2(T 2 + 1)(3T 2 − 1)
(T 2 − 1)4 ,
t2 + 4t is not a square in K if and only if (T 2 + 1)(3T 2 − 1) is not a square in K.
We have proved the following statement.
Theorem 8.1. The following conditions on E are equivalent.
(i) E(K) contains exactly one point of order 2 and a point of order 12.
(ii) There exists T ∈ K\{0,±1,±√−1} such that 3T 2+1 6= 0, (T 2+1)(3T 2−1)
is not a square, and E is isomorphic over K to the elliptic curve
E(12)T : y2 = (x+ 1)
(
x2 +
8T 2(T 2 + 1)(T 4 + 4T 2 − 1)
(T 2 − 1)4 x+
16T 4(T 2 + 1)2
(T 2 − 1)4
)
.
Remark 8.2. E(12)T (K) contains points (0,±4T 2(T 2+1)/(T 2− 1)2) of order 3 and
exactly two points of order 4. Applying the explicit formulas from Theorem 3.3 to
(x0, y0) = (−1, 0) and taking into account that r = x0 − α = 0, r = ux+ v,
Norm(r) = u2Norm(x) + uvTr(x) + v2 = t2u2 − (t2 + 2t)uv + v2,
Tr(r) = uTr(x) + 2v = −(t2 + 2t)u+ 2v,
we get the following two points of order 4 on E(12)T :
(t2u2 − (t2 + 2t)uv + v2, (t2u2 − (t2 + 2t)uv + v2)(−(t2 + 2t)u+ 2v)),
(t2u2 − (t2 + 2t)uv + v2,−(t2u2 − (t2 + 2t)uv + v2)(−(t2 + 2t)u+ 2v)),
where
t = −4T
2(T 2 + 1)
(T 2 − 1)2 , t
2 + 2t =
8T 2(T 2 + 1)(T 4 + 4T 2 − 1)
(T 2 − 1)4 ,
v =
1
µ
=
1− T 2
2T
, u =
v
λ
= − (T
2 − 1)2
8T 3
.
Substituting these expressions for t, u, and v in the above formulas, we obtain the
order 4 points(
−3T
2 + 1
T 2 − 1 ,−
8T 3(3T 2 + 1)
(T 2 − 1)3
)
,
(
−3T
2 + 1
T 2 − 1 ,
8T 3(3T 2 + 1)
(T 2 − 1)3
)
.
Remark 8.3. In Theorem 8.1 we do not assume that char(K) 6= 3!
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9. Elliptic curves with rational points of order 10
Let E be an elliptic curve over a field K with char(K) 6= 2. Suppose that E(K)
contains exactly one point of order 2 and a point P of order 5. We may assume that
the first coordinate of P is 0. Since P is divisible by 2, Theorem 4.6 and Remark
4.7 tell us that E is K-isomorphic to the elliptic curve
(31) Et,y0 : y
2 = (x+ 1)
(
x2 +
(
t2 + 2y0
)
x+ y20
)
,
where t2+4y0 6= 0 and 1− t2− 2y0+ y20 6= 0. We may also assume that P = (0, y0).
Clearly P has order 5 if and only if there exists a Q ∈ E(K) such that 2P = −Q
and 2Q = P . Using equation (20) with p = t2 + 2y0 and q = y
2
0 and the equality
x(Q) = t − y0 obtained in Remark 4.7, we can write the equalities 2P = −Q and
2Q = P in the following equivalent form:
(t2 + 2y0 − y20)2
4y20
− 1 = t− y0.
Multiplying both sides by y20 and removing parentheses, we get
t4 + y40 + 4t
2y0 − 4ty20 − 2t2y20 = 0,
(t2 − y20)2 + 4ty0(t− y0) = 0.
If t = y0, then by Remark 4.7, we obtain Q1,t = (0,−y0), P = −Q1,t, and so
3P = 0, which is impossible. Dividing both sides of the above equation by t− y0,
we get
(t− y0)(t+ y0)2 + 4ty0 = 0.
To obtain a rational parametrization of this equation, let us put y0 = ut with
u ∈ K \ {0, 1}. Then
t3(1 − u)(1 + u)2 + 4t2u = 0,
hence
t =
4u
(u− 1)(u+ 1)2 , y0 =
4u2
(u − 1)(u+ 1)2 .
Since
t2 + 2y0 =
16u2
(u− 1)2(u + 1)4 +
8u2
(u− 1)(u+ 1)2 =
8u2(u3 + u2 − u+ 1)
(u− 1)2(u+ 1)4 ,
equation (31) transforms to
y2 = (x+ 1)
(
x2 +
8u2(u3 + u2 − u+ 1)
(u− 1)2(u+ 1)4 x+
16u4
(u− 1)2(u+ 1)4
)
.
Since
t2 + 4y0 =
16u3(u2 + u− 1)
(u − 1)2(u+ 1)4 and 1− t
2 − 2y0 + y20 =
(u2 − 4u− 1)(u− 1)
(u + 1)3
,
the conditions t2+4y0 6= 0 and 1−t2−2y0+y20 6= 0 are equivalent to u 6= 0, u 6= ±1,
u2 + u 6= 1, and u2 − 4u− 1 6= 0. Moreover, t2 + 4y0 is not a square if and only if
u(u2 + u− 1) is not a square.
We have proved the following statement.
Theorem 9.1. The following conditions on E are equivalent.
(i) E(K) contains exactly one point of order 2 and a point of order 10.
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(ii) There exists u ∈ K \ {0,±1, (−1±√5)/2, 2±√5} such that u(u2 + u− 1)
is not a square and E is isomorphic over K to the elliptic curve
E(10)u : y2 = (x + 1)
(
x2 +
8u2(u3 + u2 − u+ 1)
(u− 1)2(u + 1)4 x+
16u4
(u− 1)2(u+ 1)4
)
.
Remark 9.2. E(10)u (K) contains a point
(
0, 4u2/(u− 1)(u+ 1)2) of order 5 and
exactly one point (−1, 0) of order 2.
Remark 9.3. In Theorem 9.1 we do not assume that char(K) 6= 5!
10. Elliptic curves in characteristic 2
In this section we assume thatK is a field of characteristic 2 and K¯ is its algebraic
closure. It is known [9, Appendix A] that E is ordinary (i.e., E(K¯) contains a point
of order 2) if and only if j(E) 6= 0. Let E be an elliptic curve over K defined by
the equation
y2 + xy = x3 + a2x
2 + a6,
where
a2, a6 ∈ K; a6 6= 0, j(E) = 1
a6
6= 0
As above, E has the only one infinite point ∞ = (0 : 1 : 0), which is taken as the
zero of the group law on E. It is known [9, Appendix A] that E is ordinary. In
addition, every ordinary elliptic curve E˜ over K is isomorphic to E for suitable
a2 ∈ K and a6 = 1/j(E˜) [9, Appendix A], [11, Sect. 2.8]. If P = (x0, y0) ∈ E(K¯),
then
(32) − P = (x0, y0 + x0) ∈ E(K¯).
It follows that
W3 = (0,
√
a6) =
(
0,
1√
j(E)
)
∈ E(K¯)
is the only point of order 2 in E(K¯).
This implies the following assertion (that may be also extracted from [4]).
Proposition 10.1. An elliptic curve E over a field K of characteristic 2 has a
K-rational point of order 2 if and only if j(E) is a nonzero square in K.
Our first goal is to find explicitly both halves of P . So, let Q = (x1, y1) ∈ E(K¯)
with 2Q = P . Clearly, Q 6= W , i.e., x1 6= 0, and therefore the tangent line L to E
at Q is not vertical, i.e, may be written in the form
y = lx+m; l,m ∈ K¯.
(If Q ∈ E(K), then both l and m lie in K.) Since 2Q = P , the line L contains −P .
Restricting (as usual) the equation of E to L, we get the equation
g(x) = x3 + a2x+ a6 + (lx+m)
2 + x(lx+m) = 0.
We know that x = x1 is a multiple root of the monic cubic polynomial g(x) and
x = x0 is a root of g(x). This implies that
g(x) = (x+ x1)
2(x+ x0).
It follows that
x3 + (a2 + l
2 + l)x2 +mx+ (a6 +m
2) = x3 + x0x
2 + x21x+ x
2
1x0,
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i.e,
(a2 + l
2 + l) = x0, m = x
2
1, (a6 +m
2) = x21x0.
This implies that
l2 + l = x0 + a2.
Since −P = (x0, y0 + x0) lies on L : y = lx+m, we obtain
(33) m = (y0 + x0)− lx0 = y0 + (l + 1)x0, x1 =
√
m, y1 = lx1 +m = l
√
m+m.
If we replace l by l + 1, then we should replace m by m+ x0 and x1 by x1 +
√
x0.
We also obtain the following formulas:
(34)
√
a6 +m = x1
√
x0,
√
a6 + y0 + (l + 1)x0 = x1
√
x0.
Example 10.2. Suppose that x0 = 0, i.e., P is a point of order 2. Then
m =
√
a6, x1 = 4
√
a6, y1 = l 4
√
a6 +
√
a6.
If, in addition, a2 = 0, then l = 0 or 1, and we get two halves Q1 = ( 4
√
a6,
√
a6) and
Q1 = ( 4
√
a6, 4
√
a6 +
√
a6) of P . This implies that Q1 and Q2 are (the only) points
of order 4.
The following assertion may be extracted from [4, Prop. 1.1].
Theorem 10.3. Suppose that E(K) contains a point of order 2, i.e., there exists
β ∈ K such that a6 = β2. Then a point P = (x0, y0) ∈ E(K) is divisible by 2 in
E(K) if and only if the following conditions hold.
(i) x0 is a square in K, i.e., there exists r ∈ K such that r2 = x0.
(ii) There exists l ∈ K such that
l2 + l = x0 + a2.
(iii) If x0 = 0, i.e., P is a point of order 2, then a6 is a fourth power in K.
Proof. Let P = (x0, y0) is a K-point on E.
Assume that P ∈ 2E(K), i.e., there exists a point Q = (x1, y1) on E such that
2Q = P and x1, y1 ∈ K. Then in the notation above l,m ∈ K, because the tangent
line to E at K-point Q is defined over K. It follows that (ii) holds. If x0 = 0, then
it follows from Example 10.2 that conditions (i)-(iii) hold. So, we may assume that
x0 6= 0. It follows from (34) that β +m = x1√x0. This implies that
√
x0 =
β +m
x1
lies in K, i.e., (i) holds.
Now assume that conditions (i)-(iii) hold and Q = (x1, y1) ∈ E(K¯) satisfies 2Q =
P . If x0 = 0, then the explicit formulas of Example 10.2 tell us that Q ∈ E(K).
Suppose that x0 6= 0. Let L : y = lx+m be the equation of the tangent equation
to E at Q. The condition (ii) implies that l ∈ K. Since L contains the K-point
−P , m also lies in K. Now equation (34) tells us that β +m = x1r with nonzero
r =
√
x0 ∈ K, and therefore
x1 =
β +m
r
also lies in K. This implies that y1 = lx1 +m also lies in K. 
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Corollary 10.4. An elliptic curve over a field K of characteristic 2 has a K-
rational point of order 4 if and only if there exists a nonzero γ ∈ K such that E is
K-isomorphic to the elliptic curve
E4,γ : y
2 + xy = x3 + γ4.
Proof. The result follows almost immediately from Theorem 10.3 combined with
Example 10.2. Indeed, if an elliptic curve E over K has a K-point of order 4, then
it has a K-point of order 2 and therefore is ordinary, i.e., is K-isomorphic to
y2 + xy = x3 + a2x
2 + a6,
where
a2, a6 ∈ K; a6 6= 0, j(E) = 1
a6
6= 0
and a6 is a square in K. In addition, P = (0,
√
a6) ∈ E(K) is a point of order 2
that actually lies in 2E(K). It follows from Theorem 10.3 that there exist β, l ∈ K
such that
β4 = a6, l
2 + l = a2.
One should only notice that the change of variables x 7→ x, y 7→ y + lx establishes
a K-isomorphism between elliptic curves y2 + xy = x3 + a2x
2a6 and
y2 + xy = x3 + (a2 + l
2 + l)x2 + a6 = x
3 + β4.

Corollary 10.5. Let E be an elliptic curve over K such that E(K) contains a
point of order 4. Then j(E) is a nonzero fourth power in K.
Conversely, if c is a nonzero fourth power in F , then there exists an elliptic
curve E over K such that j(E) = c and E(K) contains a point of order 4. Such
an E is unique up to K-isomorphism.
Proof. Suppose E(K) contains a point of order 4. By Corollary 10.4, there exists
a nonzero γ ∈ K such that E is K-isomorphic to
E4,γ : y
2 + xy = x3 + γ4.
Clearly,
j(E) = j(E4,γ) =
1
γ4
=
(
1
γ
)4
.
This proves the first assertion.
Conversely, if δ ∈ K satisfies δ4 = c, then we put γ = 1/δ and consider the
elliptic curve E4,γ over K. Recall that E4,γ(K) contains a point of order 4 and
j(E4,γ) =
1
γ4
=
(
1
γ
)4
= δ4 = c.
This proves the second assertion. In order to prove the uniqueness, let us assume
that E is an elliptic curve over K such that j(E) = c and E(K) contains a point
of order 4. Then, thanks to Corollary 10.4, there exists nonzero γ ∈ K such that
E is K-isomorphic to E4,γ . This implies that
c = j(E) = j(E4,γ) =
1
γ4
.
It follows that γ = 4
√
1/c. 
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Theorem 10.6. An elliptic curve over a field K of characteristic 2 has a K-
rational point of order 8 if and only if there exists t ∈ K \ {0, 1} such that E is
K-isomorphic to the elliptic curve
E8,t : y
2 + xy = x3 +
(
t
t2 + 1
)8
.
Proof. If an elliptic curve E over K has a K-point of order 8, then it has a K-point
of order 4, and therefore by Corollary 10.4 is K-isomorphic to
E4,γ : y
2 + xy = x3 + γ4,
where γ is a nonzero element of K. A point Q of order 4 in E(K) has x-coordinate
γ 6= 0. Since Q is divisible by 2 in E(K), Theorem 10.3 tells us that there exist
l, r ∈ K such that
l2 + l = γ = r2.
Now the parametrization
l =
1
t2 + 1
, r =
t
t2 + 1
of the conic
l2 + l = r2
gives us the formula
γ =
(
t
t2 + 1
)2
.

Remark 10.7. Let t, s be two nonzero elements of F . Then
t+
1
t
= s+
1
s
if and only if s = t or s = t−1. This implies that E8,t = E8,s if and only if s = t
±1.
(Hereafter both s and t are different from 1.) On the other hand,
j(E8,t) =
(
t+
1
t
)−8
, j(E8,s) =
(
s+
1
s
)−8
.
This implies that E8,t and E8,s are isomorphic over K¯ if and only if s = t
±1, i.e.,
if and only if E8,t = E8,s.
Remark 10.8. Let us find explicitly a point of order 8 in E8,t(K). We have the
order 4 point
P = (x0, y0) = (γ, γ
2) ∈ E8,t(K)
and the equalities
l =
1
t2 + 1
, r =
t
t2 + 1
, x0 = γ =
(
t
t2 + 1
)2
= l2 + l = r2, y0 = γ
2 =
(
t
t2 + 1
)4
.
Let Q = (x1, y1) ∈ E8,t(K) satisfy 2Q = P and l be the slope of the tangent line
y = lx+m to E at Q. Then
(y0 + x0)− lx0 = m = x21.
This implies that
(γ2 + γ)− γ
t2 + 1
= m = x21,
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i.e.,
x1 = (γ +
√
γ) +
√
γ
t+ 1
=
(
t
t2 + 1
)2
+
t
t2 + 1
+
t
(t+ 1)3
=
t2 + t(t2 + 1) + t(t+ 1)
(t+ 1)4
=
t3
(t+ 1)4
.
We have
m = x21 =
t6
(t+ 1)8
, y1 = lx1+m =
1
t2 + 1
t3
(t+ 1)4
+
t6
(t+ 1)8
=
t3
(t+ 1)6
+
t6
(t+ 1)8
=
t3(t2 + 1) + t6
(t+ 1)8
.
To summarize:
Q =
(
t3
(t+ 1)4
,
t6 + t5 + t3
(t+ 1)8
)
∈ E8,t(K)
is a point of order 8.
Corollary 10.9. Let q be a power of 2 and Fq a finite field that consists of q
elements. Let N be a power of 2 and Σ(q,N) the set of Fq-isomorphism classes of
elliptic curves E over Fq such that E(Fq) contains a point of order N . Then
|Σ(q, 4)| = q − 1, |Σ(q, 8)| = q
2
− 1.
Proof. We have j(E4,γ) = 1/γ
4. Since γ may take any nonzero value in Fq, it
follows from Corollary 10.4 that |Σ(q, 4)| = q − 1.
It follows from Theorem 10.6 combined with Remark 10.7 that there is a bijection
between Σ(q, 8) and the set of all unordered pairs {(t, t−1) | t ∈ Fq \ {0, 1}}. Since
t 6= t−1 for each t 6= 0, 1, the set of such pairs consists of (q − 2)/2 elements. 
Example 10.10. Let us take q = 4 and K = F4. Then there is exactly one elliptic
curve E over F4 (up to an F¯4-isomorphism) such that E(F4) contains a point of
order 4, namely,
E4,ρ = E4,ρ+1 : y
2 + xy = x3 + 1,
where ρ ∈ F4 \ F2 satisfies
ρ2 + ρ+ 1 = 0, ρ3 = (ρ+ 1)3 = 1, ρ−1 = ρ+ 1, ρ+ ρ−1 = 1.
The group E4,ρ(F4) contains a point Q of order 8, namely (Remark 10.8),
Q =
(
ρ3
(ρ+ 1)4
,
ρ6 + ρ5 + ρ3
(ρ+ 1)8
)
= (ρ, ρ).
This implies that the order of the finite group E4,ρ(F4) is divisible by 8. On the
other hand, the Hasse bound tells us that the order of E4,ρ(F4) does not exceed
4 + 2
√
4 + 1 < 8 · 2. This implies that E4,ρ(F4) has order 8 and therefore coincides
with its cyclic subgroup of order 8 generated by Q.
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